ZP-COHOMOLOGY FOR GROUPS OF TYPE FP^ 



ELIAS KAPPOS 



Abstract. Let G be a group of type FPn and let p > 1. In this paper we 
show that the reduced (^-homology of G is dual to the reduced (''-cohomology 
for - + i = 1. In our main theorem we show that for a group of type FPn 
with a central element of infinite order, the reduced J''-cohomology vanishes. 
We generalize this fact for groups with infinitely many elements in the center 
of the group, for groups which are FCC, for groups with infinitely many finite 
conjugacy classes, for nilpotcnt groups, and for groups of polynomial growth. 



1. Group Cohomological Preliminaries 

Everything in this section is standard in group cohomology, for example cf. 
[1]. Let G be a group and Z[G] be the group ring over Z, i.e. the free Z-module 
generated by G. Then Z is a Z[G]-niodule with trivial G-action. A resolution of 
Z over Z[G] is an exact sequence of Z[G]-modulcs 

> F2 Fi Fq ^ Z ^ 0. 

Here the map e is the augmentation map. This resolution is called projective, if 
each Fi is projective. The standard resolution (which we will use only once in this 
paper), is of course, the most common, but the following theorem shows that it is 
not important which resolution we use for calculations. 

Theorem 1.1. Let F and F' be projective resolutions of a 'Z[G]-module M , then 
there is an augmentation preserving chain map f : F F' , unique up to homo- 
topy, and f is a homotopy equivalence. 

A resolution or partial resolution is said to be of finite type, if each Fi is finitely 
generated. A group G is said to be of type FPn if there exists a partial resolution 
s.t. Fq, . . . , Fn are projective and finitely generated. 

Proposition 1.2. Let M be a 'Z[G]-module and n > 0. Then the following state- 
ments are equivalent: 

i) There exists a partial resolution —> M —> 0, where the Fi 
are free and finitely generated; 

ii) M is of type FP,,; 

iii) M is finitely generated and for every projective partial resolution 

Pk^ >Po^M^O 
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of finite type with k < n, we have that ker{Pfc — > Pk-i} is finitely gener- 
ated. 

Proposition 1.3. Let H c G be a subgroup of finite index. Then G is of type 
FPn if and only if H is of type FPn ■ 

Let G be a group, F he a, projective resolution of Z over Z[G], and M be a 
Z[G]-module. Then we define the homology of G with coefficients in M by 

H4G,M)=H,{F M), 

and the cohomology of G with coefficients in M by 

H*{G,M) = H*{Rom^^G]{F,M)). 

Finally, we introduce for a group G and a subgroup H the induction and co- 
induction for a Z[i?] -module M by 

Indg M = Z[G] (g)z[H] M and Coindg M = Homz[H](Z[G], M). 

Proposition 1.4. (Shapiros Lemma) Let H C G and let M be a Z[H]-module. 
Then 

H^{H,M) ^ H4G,lnd%{M)) and H*{H,M) ^ H*{G,Comd%{M)). 

Lemma 1.5. Let G be a group, H be a subgroup of finite index k and M be a 
Z[H]-module. Then Indg M = Coindg M. 

2. Basic Definitions 

Let J'{G) be the set of complex functions on the group G. Every f £ J' can be 

represented as a formal sum ^ fgg with fgGC and f(g) = fg. For any real p > 1, 

gee' 

P{G) is the set of formal sums f = J2 fg9 where only countably many fg 

geG 

do not vanish and ^ = (|/|p)^ < oo. Analogously we define 1°°{G) as those 
geG 

formal sums with only countable many fgy^O with supg^Q{fg) ~ \ f\oo < oo. Note 
that with this norm, Ip{G) is a Banach space, and that /^(G) is a Z[G]-module 
because G operates on P(G) (from both sides). 

Definition 2.1. Let G be a group and ■ • • ^ F2 Fi — ^- Fq ^ Z ^ be a 
projective resolution of Z over Z[G]. Then the Z^-(co-)homology of G is defined as 

HiP\G) := ker(a„ ® l)/im(5„+i ® 1), 
Hl^^^iG) :=ker(9„+i)/im(a„), 

where di<E)l are the boundary maps in the complex Fi (Xiz[g] 1^{G) and di are the 

boundary maps in the complex Homz[(3](Fi, Ip{G)). Finally, di is the dual map of 

di defined by di{(f) := ipodi. In general, the image of the boundary operators are 
not closed in the kernel of the next boundary operator. Hence we have to define 

the reduced P-(co-)homology of G as 

M^'(G) := ker(a„ ® l )/im(9„ +i ® 1), 
H^){G) := ker(4+i)/ini(a„). 
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A direct consequence of this definition is the fact that for a group G and a 
K{G, l)-coniplex X we have 

H'f\G) = H,{X-F{G)) and 
Hl^^{G)^H*{X-F{G)). 

Remark 2.2. We need a norm on ker(9„(X)l) and ker(9„+i) respectively for taking 
the closure in the definition of the reduced (co-)homology. But in this paper we 
are only working with groups of type FPn and for those the norm is natural. 

3. Duality of homology and cohomology 

In the following we arc interested in the topological duality of /P-homology and 
Z'J-cohomology, with the obvious requirement i + ^ = 1. In the P-case this duality 
provides us with a standard tool. To prove our duality statement we need to 
review of some basic facts from functional analysis. 

Definition 3.1. Let X be a normed space and A and B subsets of X and X* , 
respectively. Then the annihilators A^ and are defined by 

A^ {x* ■.x*eX'*,x*x^O'ixe A], 

^B ■.= {x:x(^ X, x*x = Vx* e B}. 

Proposition 3.2. [6] p. 93] Let X be a normed space and let A and B he subsets 
of X and X* respectively. Then A-^ and ^B are closed subsets of X* and X 
respectively. Furthermore we have ^{A-^) = A, if A is a subset of X . 

Theorem 3.3. [6, pp. 94-95] Let M be subset of a normed space X . Then there 
exists an isometric isomorphism that identifies M* with X* /M-^ . 

If M is closed, then there exists an isometric isomorphism that identifies 
(X/M)* with M-L. 

Lemma 3.4. [HI p. 289] Let X and Y be normed spaces and T G B{X, Y). Then 
ker(T) = ^(r*(y*)) and kcr(r*) = (T(X))^. 

Proposition 3.5. Let l<pGM, nGN and G be a group of type FPn- Then 
Hl^^ (G) is dual to h\'^\g), with ^ + ^ = 1, for i < n. 

Proof. The spaces Fi^a^^iG) and IIomG(Fi, /^(G)) are dual to each other, because 
the Fi are projective and finitely generated for i < n: 

(F.^al^iG))* = F^^al^iG)* 

- HomGiFrj^iGy) 

= HomG{F,,li{G)). 

In a similar way the boundary operators in the chain complexes are dual to each 
other, because — ®g 1^{G) is a covariant functor and HomG{~,l'^{G)) is a con- 
travariant functor (cf. [1] Chapter III.l]). 

For simplicity we write Gi :— Fi (Sg '^(G), with boundary operator 
ipi : Gi+i — > Gi, and analogously G* := HomG{Fi,l'^(G)) with boundary oper- 
ator (f* : G* G*^^. The sequence 

^ {/ G G* : /|k„.(^.-,) = 0} ^ G* ker(^,_i)* 
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is exact because C* is the direct sum of the other two spaces. Restricting this 
sequence to {/ G C* : fl^^^j^ = 0} proves the exactness of the fohowing sequence: 

^ {/ e : ^ 0} ^ {/eC* :/|-^^0} 

^ {/e(ker(^,_i)*:/|-(^^0}^0. 

The basic facts of functional analysis provide us with isometric identifications 



ker((/?*) = im((p,) 

{/ £ C'* : /lim(ipi) = 0} 
= {f^C::f\-^^0}. 

The last equation holds because of the continuity of the functions /. We get 
similarly 



im(^*_i) (^im(^*_i))^ 
= ker((y5,_i) 

{/ £ C'l* : /lkor(v,-l) = 0}- 

Furthermore we have (^ker((^i_i)/ im((^i)^ = {/ G (ker(.^i_i))* : f\ -^^(^^.^ = 0}, 
by Theorem 13.31 □ 

Remark 3.6. The proof implies that a pairing on the complexes induces a pairing 
on the (co-)homology groups. In particular this is true for the evaluation pairing. 

4. First Examples 

Example 4.1. Let p > 1 and let G be the trivial group. Then h[^'\G) — for 
i>landi?^^'(G)=C. 

id 

Proof. The trivial group has the resolution ^ Z — > Z ^ 0. The Z^-functions 
on G are isomorphic to C, hence the tensor product of the resolution with the 
Zf- functions gives us C. □ 



Proposition 4.2. Let G be a group and H d G be a subgroup of finite index of 
G. Then h\^\g) = H'f\H) and Hl^^{G) = %){H), for all iGNo andp> 1. 

Proof. This is a direct consequence of Proposition [T^ Lemma 1 1.51 and the identi- 
fications 

Ind%{F{H)) = Z[G] F{H) - F{G). 

□ 

Corollary 4.3. Letp > 1 and let G be a finite group. Then n'f'^ (G) = /or i > 1 

and H^^\G) = C. 

Proof. Every finite group has the trivial group as a subgroup of finite index. Thus 
the statement follows from Example 14.11 and Proposition 14.21 □ 



Lemma 4.4. Let G be an infinite cyclic group with generator t. Then G has 
vanishing reduced P -homology and vanishing reduced P -cohomology, for all 1 < 
p < oo. 

Proof. In this case we have a resolution 

^ Z[G] Z[G] Z ^ 0. 
Hence H'f\G) is the homology of 

> ^ F{G) ^ F{G) 

and (G) is the cohomology of 

F{G) ^/f(G) .... 

Thus 77j''^(G) = (G) = because the Kernel of the map i - 1 is 0. Theorem 
13.51 proves the rest of the statement. □ 

Remark 4.5. Lemma HH] is a good illustration of the difference between reduced 
and unreduced homology and cohomology. The image of the map t — 1 is not equal 
to F{G). The element t itself for example is not in the image of this map. Only 
the closure of the image repairs this problem. 

5. A Vanishing Theorem 

In [5] Puis asserts a vanishing result for first ZP-cohomology. However there 
appears to be a serious gap in the proof. In [5] Martin and Valette provided a 
different proof by generalizing his result for a bigger class of groups. In this section 
we provide another proof, using other methods, which yields a much stronger 
result. 

Lemma 5.1. Let G be a group and h G Z(G) be an element in the center of G. 
Let e : F — > Z &e a projective resolution ojTL over Z[G]. Then h, multiplication by 
the element h, is a homotopy equivalence, and chain homotopic to the identity on 
F* := HomGiF,lP{G))^. 

Proof. This proof has three parts. First, we have to show that h is a chain map 
and a chain equivalence; second, we have to prove the lemma for the standard 
resolution; and finally, we have to prove the lemma for any resolution. 

Part 1: h is bounded because \ip\p = \hip\p — \h{ip)\p. h is an element in the 
center of G, therefore the equality ip{x) — {aip){a^^x) remains valid under multi- 
plication by h. Multiplication by an element of G is a Z[G]-module homomorphism 
and the boundary operators are Z[G]-homomorphisms, too; hence they commute 
with multiplication by an element of Z[G]. It follows that ft, is a chain map. To 
get a chain equivalence we need the map h^^, but this is multiplication by ft,^ . 

Part 2: Let e : F ^ Z be the standard resolution of Z over Z[G], i.e. the 
boundary operator d is defined as 

n 

d(p{xo, . . .,Xn) = ^(-l)V(a;o, • ■ • ,Xi^i,Xi,Xi+i, . . . ,x„) 

i=0 
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where ^ has the usual meaning (to omit the distinguished term). Define 

j ■■ Fn ^ Fn+i as 



fc=0 

then j is again a Z[G']-module homoniorphisni and bounded. Hence 

n k 

{dj + jd)Mx)) = ^ ^(-l)''+'=+V(^0, ■■■,X^,■■■, Xk,h{xk), h{Xn)) 

n 11 

+ ^ ^(-l)'+'^+V(a;o, . . . , Xk,h{xk), . . . , h{xi), . . . , h{xn)) 

k=0 i=k 
n i—1 

+ ^ ^(-1)*+''+ V(a;o, • ■ • , Xk,h{xk): . . . , h{xi), h{xn)) 



i=0 k=0 
n n 



+ ^ ^ (-l)'+''(/j(a;o,...,fi,...,a;fe,/i(a;fc),...,/i(a;„)) 

i=t) k=i+l 
n k 

= X! ■ • ■ 1 ^ii • ■ ■ ; Xk,h{xk), h{Xn)) 



k=t) i=0 
n k— 1 

h{xk),-..,h{x„)) 

k=0 i=0 
n n 

+ E E("1)*^''^^^(^0' ■ ■ ■ ' Xk,h{xk), . . . , h{xi), h{Xn)) 

k=0 i=k 
n n 

+ E E (-l)'"^''^V(a;o, • • ■ , Xk,h{xk), h{xi), h{xn)) 

k=0 i=k+l 

n 

= ^{-l)'^''^^(p{xQ, . . . h{xk),dots, h{xn)) 

k=Q 

n 

+ ^{-lf'''^^(p{xQ, . . . , Xfc, h{xk), dots, h(xn)) 

k=0 

= ip{xo, . ..,Xn) - ip{h{xo), . . . , h{Xn)) 
= fix) - Hf{x)), 

with X — (xq, . . . , x„). Therefore j is a chain homotopy between the identity and 
h. 

Part 3: Let e' : i^' ^ Z be another projective resolution of Z over Z[G]. By 
Theorem 11.11 there exists a homotopy equivalence / : C* — > F* . □ 



Remark 5.2. The proof of Lemma [5TT] can be transferred almost verbatim to the 
case h S Z[G]^ n Z(Z[G']). The only necessary modification is to show that the 
new map h is bounded. This follows by the Holder inequality. 
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Remark 5.3. A similar lemma can be formulated for F^, = F 1^{G). The 
proof is also very similar. 



Martin and Valette |5] have done the following calculations for the first P- 
cohomology. As mentioned earlier, our methods extend their result to higher 
(co-)homology groups. 

Theorem 5.4. Let 1 < p e M, n G N, and G he a group of type FPn with infinitely 

many elements in the center Z{G) of G. Then H'f\G) — and H^^^^(G) — for 
i < n. 



Proof. By Proposition II. 2) there exists a partial resolution of Z over /[G] of free, 
finitely generated Z[G]-modules Fi. This means Fi 1^{G) is isomorphic to 
IP{G)™^ and Homc{Fi,l'^{G)) to Z'?(G)"'', respectively. Here rrii is the dimension 

ofF,;. 

Now we assume that there exists a 7^ x G H'f^ (G) represented by 

Let 6 be the induced pairing discussed in Remark 13.61 This is well-definied 
because the images of the boundary operators are Z[G]-submodules. 

By duality, cf. Proposition 13. 51 there exists a 7^ y e i/.* >(G) represented by 




\heG 




such that b{y, x) ^ 0. In particular there are only countably many Q and not 
equal to 0. The induced evaluation pairing of a; and y is given by 

Ky,x) = '^J-h^i-h- 
j=i hea 

This sum converges absolutely as it is a finite sum of absolutely convergent series. 

Now let D be an infinite countable subset of Z{G) such that 1 G I?; if (/i G -D 
then g^^ G D, and if g^, gj G D then g^gj G D. Let the elements in D be indexed 
by the integers in such a way that 1 = 50- Then 

'nii 

j=l hGG 

converges for alH G Z. 

Let e > 0. Then there exist finite sets A and S in G and a subset / of {1, . . . , m^} 
such that II a; ||P — J2 \^a\^ < ^ ^^'^ II vWq^ J2 ICbl^ < £• Hence there exist 

a£lxA belxB 

countable sets A' = {cgi \ c A, i ^ Z,} and B' — {dgi | d G i?, i G Z} containing 
the elements of the generalized orbits of elements of A and B, respectively 
(confer [J). With the short hands A = G™'\(/ x A') and B = G"'\(/ x B') we 
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have: 

nii 

b{y,x) = Y^Y, '^j'^'^j''' 
j=i heG 

ceA, ceA, ce(/xA'), ce{iy.A'), 

d&B de{IxB') dGB d£(IxB') 



where i = i' for the pairs c = {i, c') and d = {i' , d!) in the same summand. Taking 
norms and using the Holder inequality, the first three summands are bounded by 
e(£+ II a; lip + ||y ||q)- Translation by Qi docs not change these summands. 

So we are only interested in the last one. This summand can be rearrenged to 
look like 

oo 

(5-1) 5^ Ci,grb^i,graj 

i£l aeA, r=-oo 
beB 

where A (resp. B) is a subset of A (resp. B) which contains only one representative 
of every orbit which is in A' (resp. B'). 
Translation by gi gives us 



iel aeA, r=-oo 
beB 



We can now use a similiar cut off argument on each orbit, because D has 
infinitely many elements. To be precise, we get a finite subset i? C Z with 



E E ia..«r-EEi^^«^«i"<^ 

ie/ r=-oo iel reR 

for all o e A and a finite subset 5 C Z with 

E E ia9.6r-EEK.s^^i'<^ 

iel r=-oo iel reS 

for all bGB. Set T = i? U 5. 

Splitting up of the sum again, we get 

oo 

EE E ,grb^i,gra — Ci,bgr^i,agr + Ci,bgr^i,agr 

iel aeA,r=-oo iel aeA,r^T iel aeA,reT 

beB beB beB 

Taking the norm as before, the first term is bounded by £ || a; ||p, if we translate 
by gi- 

Choosing now i such that for gj = g~^gr the index j is not in T for all r &T, 

we get for all e > a G Z with b{y, gi^x) < W ■ e and W constant. 

Hence in contradiction to our assumption there is for every x representing x € 

H'f\G) and every y representing y € W^^^{G) a net {gi^} with Um5(y, (ji^x) = 0, 



and by Lemma |5. 11 we have that the multiplication with every gi is a homotopy 
equivalence. □ 



The following corollary generalizes work of Puis, as mentioned in the beginning 
of this section. 

Corollary 5.5. Let 1 < p S R, n S N, and G he a group of type FPn with a 
central element of infinite order. Then H^^\G) — H^^^s^{G) ~ for i <n. 

6. Generalizations of the Vanishing Theorem 

Corollary 6.1. Let 1 < p G M, n G N, and G be an infinite group of type FPn, and 
let this group be FCC, i.e. all conjugacy classes have only finitely many elements. 

Then H^^\g) = and 'H}~^ =0 fori<n. 

Proof. Let g be an element in G and < g> he the conjugacy class of g in G. 
Furthermore let Z{g) be the centralizer of g and Z(G) be the center of G. Then 

\<g>HG/Zig)\. 

G is of type FPn, so G is in particular finitely generated. Let now {gi, . . . ,gk} be 
a finite system of generators of G. Hence Z(G) = ni=i '^{9i)- Therefore 

fe 

G/Z(G)|<n |G/Z(5.)|<cx3. 

i=l 

that is, the center of G has finite index. Thus there are infinite many elements in 
the center of the group. Hence the statement follows from Proposition 15.41 □ 

Before we come to the next generalization, we have to take a look at the struc- 
ture of the group ring Z[G]. Let be a finite conjugacy class and k the sum of the 
elements of k as an element of Z[G]. 

Lemma 6.2. [7] The center Z{fL\G\) of the group ring Z[G] has the set 
{k : k is a finite conjugacy class in G} of the sums of all finite conjugacy classes 
as a Z-base. 

Lemma 6.3. Let G be a group and let h G Z{Z[G]) \ {0} be an element in the 
center of1\G\ not equal to 0. Let e : F ^ Z be a projective resolution of 1 over 
1\G\. Then h, multiplication by the element h, is a homotopy equivalence and 
chain homotopic to the identity on F* :— HomG{F,P{G))<,. 

Proof. Let fc be a conjugacy class in G with Uk elements. Then bk ~ Tligek 9 ^-"^ 
element in the basis of the center of the group ring by Lemma [6.21 Let tp be an 
element in F*. h^ is an element in the center of the group ring, thus we have 

^gLp{x) = {hkip){x) = p{bkx) ^^Lp{gx). 

g£k g£k 

So, multiplication by bk from the left equals multiplication from the right, up to 
a permutation of the terms in the sum. This means that essentially we multiply 
by something similar to the sum of Uk elements of the center of the group. So we 

9 



deduce from Lemma 15.11 that our multiplication is chain homotopic to Uk ■ id, and 
hence chain homotopic to the identity. 

The bk form a basis of the center of the group ring, thus every element h G 
Z(Z[G]) \ {0} can be written as J^'^kbk with at least one Xk not equal to zero. 
Hence multiplication by h is chain homotopic to ^ | Afc | -id = n^id. But this is 
again chain homotopic to the identity. □ 

Theorem 6.4. Let 1 < p G M, rt G N, and G be a group of type FPn with infinitely 
many finite conjugacy classes. Then h'>^\G) = and H'^^^^{G) = for i < n. 

Proof. By Lemma 16.21 the center of the group ring has infinitely many different 
elements. Hence we have to show that we can replace an element of the center of 
the group by an element of the center of the group ring in the proof of Theorem 
EM 

The generalized definition of an orbit (cf. [1]) can be generalized a second time 
by considering the orbits of a set of ring elements. Let 

S^{K^ Y,iar)g,gj\hr G Z(Z[G])} 

be a countable subset of the basis of the center of the group ring given by Lemma 
16.21 In particular this means that the can only be 1 or 0, and furthermore the 
group elements gj can have a coefficient not equal to zero only in one . Without 

loss of generality we can write every as = 'Yl, 9r ■ To get an orbit similar to 

the one in Proposition l5.4l we need a multiplicative inverse of every central element 
in the group ring. By the proof of Lemma l6.31 we can repair the missing inverse by 
a function gr such that grhr ~ /irffr — id. Taking this into account and reviewing 
the proof of Theorem 15.51 we see that using these new orbits does not change 
anything up to equation 15.11 The only difference is an excess of indices. The 
term in equation 15.11 has to be reformulated because we do not multiply anymore 
by gr but by hr^ an element of the group ring. In other words, we get another 
summation: 

X/ X/ X/ X/ '^'^'Srj bS,i,g^^ a ■ 
i&I aGA, r=l j=l 
bGB 

So in this case we need two more cut-off arguments instead of one. The first 
one of these chooses the maximum of the relevant j for all r, such that the inner 
sum only goes up top this maximum and the limit of the summation becomes 
independent of r. To be precise there are only finitely many indices u and v such 
that II y\\P Cm < £ and || x\\p —J2^v < £• Wc define n to be the maximum of 
the occuring j, and if n > rir, we take for all Ur < j < n that gr is some g such 
that C(i,g) a-nd C(i,g) small enough. 

Hence we can change the inner two summation signs. The second cut-off ar- 
gument is analogous to the last cut-off argument in the proof of Theorem 15.41 
Together with Lemma [5751 this proves the statement. □ 
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Remark 6.5. In this proof, we have used orbits of the form {x ■ hi \ i ^ I , hi ^ S}. 

It is possible to prove the statement by "orbits" of the form {x-hi hr \ hi e S}. 

This has the benefit that we do not need inverses and it simphfies the indices a 
httle bit. However, the proof given is very similar to the proof of Theorem I5.5[ 
which is why we took that route. 

Proposition 6.6. Let 1 < p £ R and let G be a finitely generated, infinite nilpotent 
group (cf. 9). Then H'f\G) = and Hf~^ = for all i £ N. 

Proof. By [l] p. 213] every finitely generated, nilpotent group G is of type FPoa- 
If now G has an infinite center, the statement follows from Proposition 15.41 If 
not, there exists a central series and a /c G N such that Gk has infinitely many 
elements and Gk-i has only finitely many. By the definition of a nilpotent group 
Gfc/Gfc_i is in the center of G/Gk~i- Thus we have, with g G G and gk G Gk 
that g^^gk9 — 9^^ 99k = 9k modulo Gk-i- Hence the conjugacy class of gk is 
contained in the coset gkGk-i- The conjugacy class is finite because Gk~i has 
only finitely many elements. Hence we have infinitely many elements with finite 
conjugacy class in G, because gk was arbitrary in Gk- The statement follows now 
from Theorem 16.41 □ 

Corollary 6.7. Let 1 < p g M and let G be a finitely generated, infinite group of 
polynomial growth. Then H'f\G) ^ and H^p^iG) = for all i G N. 

Proof. Gromov ^ tells us that every finitely generated group with polynomial 
growth has a nilpotent subgroup of finite index. Proposition 16.61 together with 
Proposition 14. 21 implv the statement. □ 
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